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Overview
Definitions

Definition
A subgroup H of a group G is called a normal subgroup of G if
aH = Ha for all a in G and is denoted H ◁ G .

Definition
A group is simple if its only normal subgroups are the trivial
subgroup and the group itself.
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Relation to Sylow Theory
Theorems

Recall these theorems taken from Gallian [1]:

Theorem (Sylow’s Third Theorem)

Let p be a prime and let G be a group of order pkm, where p does
not divide m. Then the number n of Sylow p-subgroups of G is
equal to 1 mod p and divides m.

Corollary

A Sylow p-subgroup is normal in G if and only if it is the unique
Sylow p-subgroup, or equivalently, np = 1.

Theorem (Sylow Test for Nonsimplicity)

Let n be a positive integer that is not prime, and let p be a prime
divisor of n. If 1 is the only divisor of n that is equal to 1 mod p,
then there does not exist a simple group of order n.



Relation to Sylow Theory (cont.)
Examples

Examples

There are no simple groups of order 351.
Since |G | = 351 = 33 · 13, Sylow’s Third Theorem tells us that n13
divides 33 = 27 so n13 ∈ {1, 3, 9, 27}. Additionally, we have that
n13 ≡ 1 mod 13. Thus the only possibilities are n13 = 1 or 27. A
Sylow 13-subgroup P has order 13 and a Sylow 3-subgroup Q has
order 33 = 27. Thus P ∩ Q = {e}. Suppose n13 = 27. Every
Sylow 13-subgroup contains 12 nonidentity elements, so G must
contain 27 · 12 = 324 elements of order 13. This leaves
351− 324 = 27 elements in G with order not 13. Thus, G
contains only one Sylow 3-subgroup, so G cannot be simple.



Overview
Classification Theorem

Theorem (Classification of Finite Simple Groups)

Every finite simple group is (isomorphic to) one of the following:

1. Cyclic group Zp of prime order p

2. Alternating group An for n ≥ 5

3. One of the 16 infinite families of groups of Lie Type

4. One of the 26 sporadic groups



Overview
Classification Theorem



Cyclic groups of prime order

Examples

Consider the cyclic group G = (Z3,+): If H is a subgroup of G ,
then its order must divide |G | = 3. Since p = 3 is prime, its only
divisors are 1 and 3, so either H = G or H is the trivial (identity)
group.

Theorem
Every abelian simple group is (isomorphic to) Zp.



Alternating groups

Theorem
Any An, where n ̸= 4, is a finite simple group.



Prove that A4 is not Simple

Proof.
We consider the subgroup H = [1, (12)(34), (13)(24), (14)(23)] in
A4. We can verify that this is a normal subgroup by knowing that
conjugation (gHg−1 = H) does not alter cycle structure. Outside
of the identity element, all of the elements are products of two
disjoint transpositions and therefore must equal another product of
two disjoint transpositions. Therefore H is normal and A4 cannot
be simple.
We can see H is normal by observing that it is isomorphic to the
Klein 4-Group, Z2 × Z2



Proving An is simple for n ≥ 5

▶ Determine that for n ≥ 5, all elements of An are products of
3-cycles.

▶ All 3-cycles in An are conjugate, and therefore are normal.

▶ For any An, this 3-cycle is the only nontrivial normal
subgroup. Thus, An is equal to the 3-cycle. An must then be
a finite simple group.

Proving simplicity for n = 1, 2, 3 is trivial.



Alternating Groups

Example

Consider the Alternating group A6

▶ We set H to be the set of conjugacy classes, H =
[(1), (123), (123)(456), (12)(34), (12345), (23456), (1234)(56)]

▶ (123) is the only 3-cycle element that is invariant under
conjugation.

▶ The only normal subgroups of A6 are (1) and elements in the
form (123), so A6 is a simple finite group.



Sporadic groups

▶ The sporadic groups are the 26 finite simple groups that do
not fit into any of the four infinite families of finite simple
groups (i.e., the cyclic groups of prime order, alternating
groups of degree at least five, Lie-type Chevalley groups, and
Lie-type groups)

▶ The smallest sporadic group is the Mathieu group M11, which
has order 7920, and the largest is the monster group, which
has order
808017424794512875886459904961710757005754368000000000.



Sporadic groups



Sporadic groups



The Monster group

▶ 20 out of the 26 sporadic groups can be ”grouped” together
into a Happy Family with the other 6 known as Pariahs based
on the monster group.

▶ The monster group is the largest (around 1054) and describes
symmetries of a 196883 dimension object

▶ It takes around 4GB of memory to express only one element of
the Monster Group; some groups that have many more
elements have much less computationally demanding elements



The Monstrous Moonshine Conjecture

▶ 1970s John McKay - series expansion of modular forms and
elliptic functions

▶ 1992 Richard Borcherds - defined a connection between
monster and string theory



Lie type groups
Lie groups

Split in group-theoretic research in late 19th century
prompted by Sophus Lie’s discovery of Lie groups:

▶ “Discrete” groups/symmetries

▶ “Continuous” groups/symmetries (Lie group)

Sophus Lie

Definition
A Lie group is a group that is also a finite dimensional smooth
manifold, in which the group operations of multiplication and
inversion are smooth maps.



Lie type groups
Lie groups

Split in group-theoretic research in late 19th century
prompted by Sophus Lie’s discovery of Lie groups:

▶ “Discrete” groups/symmetries

▶ “Continuous” groups/symmetries (Lie group)

Sophus Lie

Definition
A Lie group is a group that is also a finite dimensional smooth
manifold, in which the group operations of multiplication and
inversion are smooth maps.



Lie type groups
Lie groups

Split in group-theoretic research in late 19th century
prompted by Sophus Lie’s discovery of Lie groups:

▶ “Discrete” groups/symmetries

▶ “Continuous” groups/symmetries (Lie group)

Sophus Lie

Definition
A Lie group is a group that is also a finite dimensional smooth
manifold, in which the group operations of multiplication and
inversion are smooth maps.



Lie type groups
Lie groups

Examples

Additive group of rotations of the unit circle T = {z ∈ C | |z | = 1}.

a
a+b

b



Lie type groups
Classification of simple Lie groups

Simple Lie groups

▶ Classified by Killing in 1890 [2]
▶ 4 classical Lie groups, 5 exceptional Lie groups

▶ Classical: An,Bn,Cn,Dn

▶ Exceptional: G2,F4,E6,E7,E8

Examples

Bn describes the odd special orthogonal group SO(n), the group of
n × n (for odd n) rotation matrices with determinant 1 (e.g.,
SO(3) is the 3D rotation group).
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Lie type groups
Lie groups over finite fields

Lie groups are typically defined over continuous fields like R or C.

Can we use continuous groups to get more finite simple groups?
From simple Lie groups → finite simple groups?

In 1955, Chevalley’s seminal work...

▶ showed a connection between the two
group types

▶ discovered finite analogues of simple Lie
groups
▶ finite simple group of Lie type
▶ defined over finite fields F

Claude Chevalley
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Lie type groups
Lie type groups

Definition
A field F is a set defined under two operators + and · that
satisfies:

▶ Closure under addition and multiplication

▶ Associativity of addition and multiplication

▶ Commutativity of addition and multiplication

▶ Additive and multiplicative identity

▶ Additive and multiplicative inverses
(subtraction and division exist)

▶ Distributivity of multiplication over addition
(a · (b + c) = (a · b) + (a · c))

Definition
A finite field is a field of finite order (e.g., Zp is a finite field).



Classifications of finite simple groups of Lie type

Generalizing Chevalley’s techniques, group-theorists discovered new
finite simple groups. The full classification of finite simple groups
of Lie type soon followed:

1. Adjoint Chevalley groups

2. Twisted adjoint Chevalley groups
▶ Steinberg groups (1959)
▶ Suzuki-Ree groups (1960-61)

3. Tits group



Lie groups of Lie type

Adjoint Chevalley groups

An Bn Cn

Dn G2 F4

E6 E7 E8

Table: Dynkin diagrams of finite simple groups of Lie type (adjoint
Chevalley)



Lie groups of Lie type

Twisted adjoint Chevalley groups

Steinberg

2An
2Dn

2E6
4D4

Suzuki-Ree

2B2
2F4

2G2

Tits

2F (2)′

Table: Dynkin diagrams of twisted adjoint Chevalley groups
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